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Abstract Based on the notion of free orbit-dimension introduced by D. Hadwin and J. Shen 
[2], we introduce a new invariant on finite von Neumann algebras that do not necessarily act on 
separable Hilbert space. We show that this invariant is independent on the generating set, and 
we extend some results in [4j to von Neumann algebras that are not finitely generated. 

1 Introduction 

The theory of free entropy and free entropy dimension was developed by D. Voiculescu in the 
1990's and it is one of the most powerful and exciting new tools in the theory of von Neumann 
algebras. D. Voiculescu [15] [IGj introduced the concept of free entropy in relation to his free 
probability theory and the concept of free entropy dimension, and he used them to prove that 
the free group factors do not contain Cartan subalgebras, which answered a long-standing open 
problem. Later this was generalized by L. Ge [6], who showed that the free group factors do 
not contain a simple masa. L. Ge [7J used free entropy to give the first example of a separable 
prime Hi factor. Later, L. Ge and J. Shen [8] computed the free entropy dimension of some Hi 
factors with property T, including C{SL{Z, 2m + 1)) (m < 1). Recently, D. Hadwin and J. Shen 
[3] introduced a new invariant, the upper free orbit-dimension of a finite von Neumann algebra, 
which is closely related to Voiculescu's free entropy dimension. Using their new invariant, they 
generalized and simplified the proofs of most of the applications of free entropy dimension to 
finite von Neumann algebras. 

Here we introduce a new invariant, .^3, which is a modification of the upper free orbit- 
dimension, .^2; when ^2 is defined, .^3 = 00 • .^2- We then extend the domain of .^3 to all finite 
von Neumann algebras that can be embedded into some ultrapower of the hyperfinite Hi factors. 
This includes algebras acting on nonseparable Hilbert spaces. 

The organization of the paper is as follows. In section 2, we recall the definition of free 
orbit-dimension, and introduce a new invariant .^3 on von Neumann algebras. In section 3, we 
prove: 

(1) i?3(5) = ^ziQ) when W*{S) = W*{Q) (independence of the generators), 

(2) if M n A/'2 is diffuse, then j^3 {{Ni IJN2)") < M^^i) + -^3(^/2), 

(3) .^3 {W*{Af U {y})) < .^3 (A/") whenever there exist normal operators a and b in J\f without 
common eigenvalues such that ay = yb 0. 

In section 4 we prove: 

(1) if {A^aIagA is a family of von Neumann algebras such that each A4\ has a central net 
of Haar untiaries, and a is a nontrivial ultrafilter on A, then .^3(n"-^A) = 0, 

(2) if is a von Neumann algebra with a central net of Haar unitaries, then .^3(A^) = 0, 

(3) if F is a free group with the standard generating set G satisfying |G| > 2, then ^^{C^) = 

00, 
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(4) if TVi and7V2 are mutually commuting diffuse subalgebras oi ^A, then R^iW* {AfiL)M2)) = 

0, 

(5) if is a III factor and ^^{M.) = oo, then Ai is prime (i.e., cannot be written as a tensor 
product of two III factors) . 

In section 5, we show how our invariant leads naturally to a canonical decomposition of 
torsion-free groups into a union of certain self-normalizing subgroups so that the intersection 
of any two of them is {e}. We completely describe this decomposition for free groups, and we 
present a related question for the free group factor Cp^ ■ 

All of the free entropy concepts require the von Neumann algebra under consideration 
can be tracially embedded into an ultrapower of the hyperfinite IIi factor. Throughout this 
paper, we assume that all the von Neumann algebras we consider can be embedded. 

2 Preliminaries 

First we recall the definition of ^2 introduced by D. Hadwin and J. Shen [3], then we 
introduce our new invariant ^3. 

Let 7Wfc(C) be the kx k full matrix algebra with entries in C, and be the normalized trace 
on Aik{C), i.e., = ^Tr, where Tr is the usual trace on A4fc(C). Let Uk be the group of all 
unitary matrices in A4k{C) and 7V4fc(C)" denote the direct sum of n copies of AikiC). Define 
II • II2 on Xfe(C)" by 

11(^1, ... , AO 111 = TkiAlA,) + ... + TkiA*M 

for all {Ai,...,An) in >ifc(C)". 

For every a; > 0, define the uj-ball Ball{Bi, . . . , Bn;uj) in Mk{C)^ to be the subset of 7Wfc(C)" 
consisting of all {Ai, . . . , An) in A^fclC)" such that 

\\iAi,...,An)-iBi,...,Bn)\\2<UJ. 

Define the to-orbit-ball U{Bi, . . . , Bn\oj) in Alfc(C)"' to be the subset of A^fc(C)" consisting of 
all (^1, . . . lAn) in A4fc(C)" such that there exists some unitary matrix W in Uk satisfying 

11(^1, . . . , A„) - {WBiW*, . . . , WBnW*)\\2 < UJ. 

Suppose E C A4fc(C)", uj > 0. Define the covering number V2{E,uj) to be the minimal 
number of a;-balls that cover E with the centers of these cj-balls in E; define the to-orbit covering 
number v{E, lo) to be the minimal number of w-orbit-balls that cover E with the centers of these 
(j-orbit-balls in E. 

Let 7W be a von Neumann algebra with a tracial state r and xi, X2, . . . , a;„ be elements in 
JV[. For any i?, e > 0, and positive integers m and /c, define Tii{xi,... ,Xn',rn,k,e) to be the 
subset of 7Wfc(C)" consisting of all (^i, . . . ,An) in Mk{C)"- such that \\Aj\\ < R for I < j < n, 
and 

MA^l---A^:)-r{x:i-..x^^)\<e, 
for all 1 < ii, . . . , < n, all ryi, . . . , r/g € {1, *} and all q with 1 < q < m. 
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Define 

„x 1- log{iy{TR{xi,...,Xn;m,k,e),uj)) 
Jiixi, . . . , Xn', m, e, io, K) = iimsup -5- 

K{xi, . . . ,Xn]UJ, R) = inf ^{xi, . . . ,Xn;m,e,uj,R) 

meN,e>0 

J^(xi, ... ,Xn;oj) = sup . . . , a:„; cj, -R) 
R>0 

S^2ixi, . . . ,Xn) = sup J^(xi, . . . w) 

0<w<l 

D. Hadwin and J. Shen [4J also defined ^2{xi, . . . ,Xn : yi, . . . , Up) for all xi, . . . , x„, yi, . . . , 
in the von Neumann algebra A4 as follows. Let 

Tr{xi, . . . ,Xn : yi, ■ ■ ■ ,yp;rn, k,e) 
= {{Ai,...,An) £ MkiC)"^ ■■ there exist Bi,. .. ,Bp in Mk{C) 

such that (^1, ...,An,Bi,...,Bp) G Tr{xi, ...,Xn,yi,.. ■,yp;m, k,e)} , 

^og{iy{Tji{xi, . . . ,Xn;m,k,e),u!)) 



. . . ,Xn ■■ yi, ■ ■ . ,yp;m,e,uj,R) = limsup 



fe^oo" -k^loguj 
^{xi, . . . ,Xn ■■ yi, . . . ,yp;uj,R) = inf ^{xi, . . . ,Xn : yi, ■ ■ ■ ,yp;m,£,Lo,R) 

mGN,£>0 

. . . ,Xn ■■ yi, . . . ,yp;uj) = sup . . . ,x„;a;,E) 

ii:>o 

^2(xi,. . . ,Xn ■■ yi, - ■ ■ ,yp) = sup Si{xi,. . . ,Xn;Uj) 

0<ui<l 

Remark 2.1 From the definition, it is clear that 

(1) ^2{xi, . . . ,x„ : yi, . . . ,yp) > R2{xi, . . . , rE„ : yi, . . . ,yp,yp+i), 

(2) if M2ixi, . . . ,Xn ■■ xi, . . .,Xn+j) = (j > 0), then 

^2ixi, . . .,Xn-l : Xi, . . .,Xn+j) = 0. 

Let oo • = 0. For any subset G oi A4, define 

.^3(xi, . . . , Xn ■ G) = inf {oo • ^2{xi, . . . , Xn '■ A) : ^ is a finite subset of G} , 
j^3(^) = sup inf oo • A2{E : F). 

Ecg F<^g 

E is finte F is finte 
When Q is finite, it is not difficult to see that 

J^3(xi, . . . ,X„ : ^) = oo • R2{xi, ...,Xn--Q) 

and 

J^3(e) =00- j?2(e). 

Note that the value of .^3(xi, . . . , x„ : yi, . . . , yp) or .^3(xi, . . . , Xn) is always or oo. 
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3 Key properties of ^3 

Theorem 3.1 If A4 is a von Neumann algebra with a tracial state t, then the following are 
equivalent: 

(1) i^3(M) = 0; 

(2) if xi, . . . ,Xn & M, then there exist yi, ■ ■ ■ ,yt & M such that ^2(2^1, ■ ■ ■ ,Xn '■ yi, ■ ■ ■ ,yt) = 

0; 

(3) for any generating set Q of M., ^■i{G) = 0; 

(4) there exists a generating set Q of M. such that Az{Q) = 0/ 

(5) if Q is a generating set of A4, and Aq is a finite subset of G, then, for any finite subset 
A with Aq C. A C. Q, there exists a finite subset B of Q so that ^2(^ : B) = 0; 

(6) there is an increasing directed family {Mc : l E A} of von Neumann subalgebras of M. 
such that 

(a) each A4i, is countably generated, 

(b) J^3(M.) = 0, 

(c) M = U,eA>1.. 

Proof. It is clear that (1)<^(2), (3)^(4) and (3)^(5). 

(4)^(2) Suppose ^ is a generating set of M. and ^z{Q) = 0. Let a; > and x\, . . . ,x„ be 
any elements in M. Then there exist polynomials pi, . . . ,Pn and elements yi, . . . ,ys in G such 
that 

\\{xi,...,Xn) - {piivi, ■ ■ ■,ys),-- ■ ,Pn{yi,---,ys))\\ < ^• 

For any given R > 0, if (Ai, . . . , Ag), (Bi, . . . ,Bs) in Mk{Cy and \\Aj\\, \\Bj\\ < R for all 
1 ^ J ^ then there exists a positive integer such that 

WipiiAi, ...,As),... ,PniAi, A,)) - . . . , Bs), . . . ,Pn{Bi, Bs))\\2 

< N\\{A,,...,As)-{B,,...,Bs)\\2. 
Since ^3{Q) = and yi, ■ ■ ■ ,ym are in Q, there exist yi, . . . ,yt (t > s) in G such that 

^2{yi,---,ys ■yi,---,yt) = 0. 

Let R > max{||?/j||, \\xj\\ '■ 1 < i < n,l < j < t}. Note that if {Ai, . . . , An, Bi,. . . , Bt) G 
Vjiixi, . . . , Xn, yi, . . . ,yt',m, k, e), then, for sufficiently small e and sufficiently large m, we have 

11(^1, ... , An) - . . . , i?,), . . . ,Pn{B^, 5,))||2 < J 

and 

{Bi,...,Bs) <E T{yi,...,ys : yi, . . . ,yt;m,k,e). 

It follows that there is a set A and a subset {{B^, . . . , B^) : A G A} oirji{yi, . . . ,ys '■ yi, ■ ■ ■ ,yt\m,k, e) 
with ^ 

card(A) < v{T{yi, ...,ys: yi, . . . ,yt;m,k,e), — ). 

That means, for every {Ai, . . . , An, Bi, . . . , Bt) G Tr{xi, . . . , x„, yi, . . . , yt, m, k, e), there is a 
A G A and a unitary k x k matrix U such that 

\\{Bi,...,B,)-U*iB^,...,B^)U\\2<^. 
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That gives 

11(^1, .. . An) - U*{pr{Bl B^), . . . ,pr,{B^, B^))U\\2 < |. 

It follows that, if e is sufhcient small and m is sufHcient large, then for any A; G N, 

u{Tr{xi, ...,Xn:yi,...,yt;m,k,£),uj) 
—k"^ logo; 

^ / logu \ u{r{yi, ...,ys:yi,...,yt;m,k,e), cu/AN) 
- \logiu/4:N)J -k'^\og{u/AN) 

If we take A; ^ oo and take the infimum over m and £, we get 

^2(^1, ...,xn:yi,...,yt;^^) 

^ ( log(°aV4iV) )^^^^^'---'^-^^'---'^^^ 
= 0. 

Hence, wc have ^2(2^!) ■ ■ ■ ,Xn '■ yi, ■ ■ ■ ,yt) = 0. 

(2)=^(3) Suppose (2) is true, and suppose xi, . . . , x„ are elements of some generating set Q 
of M. Then there exist yi, ... ,yt in M. such that A2{xi, . . . ,Xn ■ yi, ■ ■ ■ ,yt) = 0- 

Suppose £0 > 0, mo G N, and < w < 1. We can choose wi, . . . ,Ws in Q and polynomials 
pi, . . . ,Pt so that each \\yj — pj{wi, . . . ,'u;s)||2 (1 < i < t) is small enough to make 

|r(g(xi, ...,Xn,yi,.. .,yt)) - T{q{xi,.. . ,Xn,Pliwi, . . .,Ws), . . . ,Ptiwi, . . .,Ws)))\ < ^, 

for every monomial q with length at most ttiq. 

When m is sufficient large, e is sufficient small, if 

{Ai,...,An,Bi,...,Bs) G rR{xi, . . . ,Xn,wi, . . . ,Ws;m,k,£), 

then 

{Ai,.. .,An,pi{Bi, . . .,Bs), . . . ,pt{Bi, . . .,Bs)) e Tr{xi,.. .,Xn,yi, . . . ,yt;mo,k,£o). 
Hence 

Tr{xi,.. .,Xn:wi,.. .,Ws;m,k,e) C r/j(xi, . . . ,x„ : yi, . . . , y^; mo, /c, eo)- 

Since 

i^{TR{xi,...,Xn -.wi,.. . ,Ws;m,k,£),u) < 2u{rR{xi, . . . ,Xn : yi,...,yt;mo,k,eo),u), 
we have, 

^{xi, . . . ,Xn : wi, . . . ,Ws;io) < 2^{xi, . . . ,Xn ■ yi, . . . , yt] mo, £o, Lo) . 

Then we get 

M{xi, ...,Xn:wi,...,Ws;u;)< 2i?(xi, . . . ,x„ : yi, . . . 

Therefore 

R2{xi, . . . ,Xn ■■ wi,. . . ,Ws) < 2J^2(a;i, • • • , x„ : yi , . . . , yt ) = 0. 
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Thus ^2(3^1, ■ ■ ■ ,Xn '■ wi, . . . , Ws) = 0. From the definition, ^3(0) = 0. 

(5) =^(6) Suppose Aq C {xi, . . . , x„} C Q. From (4), there exists a family {Bq, Bi, . . .} of 
finite subsets of Q such that 

^2{xi, . . . ,Xn ■■ Bo) = 0, 

and for any positive integer n, 

Si2{xi, ...,Xn,Bo,.. .,Bn-i : -B„) = 0. 

Let G be the set {xi, . . . , x„} U Li^^QBn and A/" be the von Neumann subalgebra generated by 
G. Then TV is countably generated. 

Let ^ C ^ be a finite subset. Then there exists a positive integer m, so that A C 
{xi, . . . ,Xn} U BqU ■ ■ ■ U Bm. Since 

•^2(2^1, ■ ■ ■ ,Xn, Bo, . . . , Bm ■■ Bm+l) = 0, 

by Remark 12. H we have 

^2{A : Bn) = 0. 

It follows that {G) = 0. Therefore M.3{Af) = by the equivalence of (1) and (4). 
It is not difficult to see that the union of all such A/''s is Ai. 

(6) ^(2) Suppose elements of A4. From (5), there exists {li, . . . , in} ^ A 
such that xi G J^^^, . . . ,Xn € Since {M,, : /, e A} is an increasing directed family, 
there exists /- G A, such that M.^^^, . . . , Aii,^ C A4t and M3{M.l) = 0. Therefore there exist 
yi, ■ ■ ■ ,ym & M, c M such that M2{xi, . . . , Xn : yi, ■ ■ ■ ,ym) = 0- n 

Remark 3.2 If A4 is finite generated, then ^^{M.) = is equivalent to ^2{-M.) = 0. 

Corollary 3.3 Suppose M. is a von Neumann algebra with a tracial state t, G is a generating 
set of M. Then ^^{M) = ^3{G)- 

Corollary 3.4 Suppose {AltjieA is an increasingly directed family of von Neumann algebras. 
Then ^^{UMi) < liminf, j^3(A4 J. 

Remark 3.5 To see that Corollary \3. 4\ gives the best estimate, note that C^^^TZ = U„ {Cfz ® A42"{C)) 
and ^3(£f2 "X) 7^) = 0, but ^^{C^^ A^2"(C)) = oo for every n. 

To prove Theorem 13. 121 we need the following lemmas. 

Lemma 3.6 Let M. he a von Neumann algebra with a tracial state t. Suppose x\, . . ., x^, yi, 
. . ., yp, vui, . . . ,wt are elements of M. and xi, . . . ,Xn € W*{yi, . . . , yp). Then, for to > 0, 

J^(yi,. . .,yp:wi,...,wt;uj)= ^{yi, . . . ,yp : xi, . . . ,Xn,wi, . . .,wt;uj). 

Proof. It is not hard to get the ">" part. 

Assume eo > 0, tuq G N, i? > 1. Since xi, . . . ,Xn G W*{yi, . . . , yp), there exist mi G N and 
ei > and a family of noncommutative polynomials qi, . . . ,qn such that 
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II (gi(yi, . . . ,yp), . . . ,g„(yi, • • • ,yp)) - {xi, . . ■ ,a;n)||2 is so small that for any m > mi and < 
e < ei, we have, for any A; S N, 

{{Ai, . . . , Ap,qi{Ai, . . . , Ap), . . . ,qn{Ai, . . . , Ap),Ci, . . . ,Ct) : 
{Ai,...,Ap,Ci,...,Ct) e Tniyi, . . . ,yp,wi, . . . , wt;m, k, e)} 
C Tniyi, ...,yp,xi,.. .,Xn,wi, . . . ,wt;mo, k,£o), 

which implies 

ri?(yi, . . . ,yp : wi,. . . ,wt;m,k,e) Q TR{yi, . . . ,yp : xi, . . . , Xn,wi, . . .,wt;mo, k,eo). 

Therefore . . . ,yp : wi, . . . ,wt;uj) < Si{yi, . . . ,yp : xi, . . . ,Xn,wi, . . .,wt;uj). □ 
The following lemma is a slight extension of Theorem 1 in [1]; the proofs are similar. 

Lemma 3.7 Let xi, . . . , Xn, yi, ■ ■ ■ ,yp,wi, . . . ,wt be elements in a von Neumann algebra M. with 
a tracial state t, and W*{xi, . . . = W*{yi, . . . ,yp). Then 

^3{xi, . . . ,Xn : wi, . . . ,wt) = ^siyi, ■ . . ,yp ■■ wi,. . .,Wt). 

Proof. If ^3(xi, . . . ,Xn '■ wi, . . . , wt) and ^3(2/1, ■ ■ ■ ,yp ■ wi, . . . , wt) are both infinity, then 
they are equal. If one of them is zero, say it .^3(2:1, . . . , a;„ : wi, . . . ^wt), then we need to prove 
that J^3(yi, ■ ■ ■ ,yp ■■ wi,. . . ,wt) = 

For every < < 1, there exists a family of noncommutative polynomials qi,...,qp, such 
that 

ll(yi,---,yp) - (gi(xi,...,x„),...,gp(xi,...,x„))||2 < -. 

For such a family of polynomials qi,...,qp and every i? > 0, there always exists a constant 
D > 1, depending only on qi, qp and R, such that 

II {qi{Ai,...,An),...,qp{Ai,...,An)) - {qi{Bi, . . . , Bn), ■ ■ ■ ,qpiBi, . . . , Bn)) h 
< D\\{Ai,...,An)-{Bi,...,Bn)h, 

for all j4i, . . . , An, Bi, . . . , Bn in A^fc(C) satisfying ||^j ||, \\Bj\\ < R, for 1 < j < n. 
For R > 1, m and k sufficiently large, e sufficiently small, if 

{Bi, . . . ,Bp,Ai,. . . ,An) G Tniyi, . . . ,yp,xi, . . . ,Xn : wi, . . . ,wt]m,k,e), 

then 

\\{Bi,...,Bp) - {qi{Ai,...,An),...,qp{Ai,...,An)) h < |. 

It is clear that (^i, . . . , An) € Tji{xi, . . . , Xn ■ wi, . . . , Wt;m, k, e). 

There exists a set {U{Ai, . . . , A^; jj^)}x£A^. of ^-orbit-balls that cover T]i{xi, . . . ,Xn ■ 
wi,... ,wt; 

m, k, e) with the cardinality of satisfying |Afe| = z^(r/j(xi, . . . ,Xn '■ wi, . . . , wt] m, k, e), j^). 
Thus there exists some A G and U such that 

\\(Au...,An)-UiAt...,A'n)U*\\2<^. 
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It follows that 



{Bi,...,Bp)-U [qi{At A^l), q,{A^„ A^l)) U*\\2 



< — 



That is, 



Hence, we get 



\\iBi,...,Bp)-[ qiiUiAl At)U*), QpiUiAt . . . , A^)U*) 
2 

iBi,...,Bp) eu(qiiA^,...,A^),...,qp{Al...,A^,y,io) . 



< Si{yi,...,yp:xi,...,Xn,wi,...,wt;uj,R) 

log(IAfcl) 



< inf lim sup 

mGN,e>0 fc^oo — log 



inf lim sup 



log(z^(r/j(xi, ...,Xn:wi,.. .,wt;m,k,e), ^)) 



—k^ logo; 
= 0. 

Therefore ^2(2/1, ••• i yp : xi, . . . ,Xn,wi, . . . , wt) = 0. From Lemma 13.61 we get ^2(2/11 ••• 1 yp : 
wi, ...,wt)=0. So ^sivi, ■ ■ ■ ,yp ■■ wi,. . . ,wt) = 0. □ 

Definition 3.8 A unitary matrix A in A4k{C) is called a Haar unitary matrix if the eigenvalues 
of A are the k-th roots of unity; equivalently, if TkiA^) = for 1 < i < k and Tk{A^) = 1. 

Lemma 3.9 ( jl6j ) Let Vi,V2 be two Haar unitary matrices in AikiC). For every 5 > 0, let 

niVuV2;6) = {U eUk : \\UVi-V2U\\2<6}. 

Then, for every 0<6<r, 7.2(1^(^1, ^2; <5), f ) < {^)^'^\ 

Definition 3.10 Suppose M is a von Neumann algebra with a tracial state r. Then a unitary 
u in Ai is called a Haar unitary ifT{u"^) = when m 7^ 0. In addition, M is called diffuse if 
A4 contains a Haar unitary. 

The following lemma is a slight extension of Theorem 6 in [4], and the proofs are similar. 

Lemma 3.11 Let xi, . . . , Xn, yi, ■ ■ ■ ,yp,vi, . . . ,Vs,wi, . . . ,wt be elements in a von Neumann al- 
gebra Ai with a tracial state r. // W*{xi, . . . , Xn) n W*{yi, . . . , yp) is diffuse, then 

^3{xi, . . . ,Xn,yi, ■ ■ ■ ,yp : Vi, . . .,Vs,Wi, ...,Wt) 

< ^3{xi,...,Xn ■■ vi,...,Vs) + ^siyi, . . . ,yp : wi,...,wt). 

Proof. If one of .^3(xi, . . . , Xn ■ vi, . . . ,Vs) and ^3(2/1, ... ,yp : wi, ... , wt) is infinity, then we 
are done. 

Now suppose j^3(xi, . . . ,Xn ■■ vi, . . . ,Vs) = J^3(yi, ■ ■ ■ ,yp '-Wi, - ■ ■ ,wt) Since W*{xi, . . . ,x„)n 
W*{yi, . . . , yp) is diffuse, we can find a Haar unitary u in W*{xi, . . . , Xn) n W*{yi, . . . , yp). 
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For R > 1 + maxi<j<„^i<j<p{||xi||, < u; < 5^, < r < 1 and e > 0, m,k e N. 

Suppose 

{Ai,...,An,Bi,...,Bp,U) € rji{xi,...,Xn,yi,...,yp,u : vi, . . . ,Vs,wi, . . . ,Wt;m,k,e). 
Then 

(^1, ...,An,U) G Tr{xi, ...,x„,u:vi,...,Vs,wi,.. .,wt;m, k,e) 

and 

{Bi, . . . ,Bp,U) G TR{yi,. . . ,yp,u : vi, . . . ,Vs,wi, . . . ,wt;m,k,e). 
Let {U{Ai, . . . , A^,U^); ■^^}x(zAf. be a set of ^^-orbit-balls that cover Tji{xi,...,Xn,u : 

Vl, ...,Vs, 

wi, . . . , wt] m, k, e) with the cardinality of satisfying 

ruj 

|Afc| = iy{rR{xi, ...,Xn,u:vi,...,Vs,wi,.. . ,wt;m,k,e); ^^)- 
Also let {U{B^, . . . ,Bp, U")] ^^lAgs^ be a set of ^^-orbit-balls that cover r/j(yi, . . . ,yp,u : 

Vl, ...,Vs, 

wi, . . . , Wt; m, k, e) with the cardinality of satisfying 

= iy{TR{yi, ...,yp,u:vi,...,Vs,wi,... ,wt;m,k,e); ^^)- 

When m is sufficiently large and e is sufficiently small, by Theorem 2.1 in [2j, we can assume 
that all U'^, to be Haar unitary matrices in A4k{C). 
For any 

{Ai,...,An,Bi,...,Bp,U) G TR{xi,...,Xn,yi,...,yp,u : vi, . . . ,Vs,wi, . . . ,wt;m,k,£), 
there exist some A € A^, a G and Wi, W2 G such that 

11(^1, ... , An, U) - Wi{A\, ...,Al U^)Wn2 < 

ruj 



Therefore 



11(51, ... , Bp, U) - W2{Bl, B;, U'')W^h < 24^- 
\WiU^Wi - Waf/'^Ws II2 = \\W2WiU^ - VW^Wih < ™ 



12i? 

A rrcr. rut 



From Lemma [3191 there exists a set {Ball{U\^a,^-, 5^)}7eAfc in which cover 0({7 , U"; 
with cardinality |Afc| < (IM^^rfc^^ This implies 



||(Ai,...,^„,Si,...,5p,C/) 



(^2C/A,<x,7^^f^A%,7^2*, • • • , W^2^7A,<x,7^nt^A%,7^2% W2B'[W^ , W2B;W^ , VF2 ^2* ) 1 1 2 



< nuj. 
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Then we get 



^{xi, . . . ,Xn,yi, - ■ ■ ,yp,u : vi,. . . ,Vs,wi, ... ,wt; 2nuj,R) 
log(|Afc||Sfc||Afc|) 



< inf lim sup 

< 4r 



mGN,e>o fc^oo " « log(2na;) 
log(18i?) -logw 



- log(2na;) 

Because r is an arbitrarily small positive number, we have 

J^3(xi, . . . ,x„,yi,. . . ,yp,u : vi,. . .,Vs,wi,.. .,Wt) = 0. 
Note that W*{xi, . . . , Xn, yi, ■ ■ ■ ,yp,u) = W*{xi, . . . , Xn,yi, • • • , yp), by Lemma [377l we have 
J^3(xi, . . . , . . . ,yp : ui, . . .,Vs,wi, ...,wt)=0. 

□ 

Now we are ready to prove the following theorem. 

Theorem 3.12 Suppose Ad is a von Neumann algebra with a tracial state t, Mi and 7V2 are 
von Neumann subalgebras of Ai. If Mi r\M2 is diffuse, then 

i^allM U AA2)") < j^3(A/'i) + ^^{M2). 

Proof. If one of ^■i{Mi) and ^■i{M2) is infinity, then we are done. 

Now suppose ^■i{Mi) = ^■i{M2) = and n is a Haar unitary in TVi fl M2. Let Q = Mi U M2 
and Aq = {u}. Then ^ is a generating set of A^. Suppose Aq (1 A and A is finite, write A = 
{xi, . . .,Xn,u,yi, ...,yp} withxi, . . . , a;„ G A/^ andyi, . . . ,yp E A/'2. Since j^s (M ) = ^3{M2) = 0, 
there exist vi, . . . ,Vs € Mi, wi, . . . ,wt G M2 such that .^2(2:1, • • • , Xn, u : vi, . . . ,Vs) = and 
^2{yi,---,yp,u:wi,...,wt)=0. 

Because u G W*{xi, . . . ,Xn,u) D W*{yi, . . . ,yp,u), then from Lemma [3. Ill we know that 

^2{A -.Vl,.. .,Vs,Wl, ...,Wt) 

= ^2{.xi, ...,Xn,u,yi,...,yp:vi,... ,Vs,wi, ... ,wt) 
= 0. 

Therefore, by TheoremEU j^3((7Vi U ^"2)") = 0. □ 

Lemma 3.13 (JT^, Lemma 17) Suppose Ml is a von Neumann algebra with a tracial state t, x 
is a normal element in Ml such that x has no eigenvalues. Then there is a selfadjoint element 
y with the uniform distribution on [0,1] such that W*{x) = W*{y). 

Lemma 3.14 (IT^, Lemma 18) Suppose n,ni,p EN, 1 < ni < n and p > 2. Suppose A is a 
diagonal matrix whose diagonal entries are ' ' ' ' ^^'^ ^ ^-^ '^'^2/ selfadjoint 

n X n matrix with < B < 1. Suppose < e < j, and ^ < 4eP~^. Let 

J:{A,B,£P) = {W eMn-. \\W\\ < 1,\\AW -WB2\\2 < e"}. 

Then U2{^{A,B,£P),£) < (6)16n2eP-l_ 
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Theorem 3.15 Let M he a von Neumann algebra with a tracial state r. Suppose N is a von 
Neumann subalgebra of M and y is an element in A4. If a, b are normal operators in Af such 
that a and b have no common eigenvalues and ay = yb ^ 0, then ^3 {W*{Mu {y})) < M.-^^Af). 

Proof. There is no loss in assuming that y, a, b have norm at most 1. 
If ^3{M) is infinity, then we are done. So we can assume ^3{Af) = 0. 

Since ay = yb, by the Putnam- Fuglede theorem, we have a*y = yb*. Then for any polynomial 
p, p{a,a*)a = ap{b,b*). Therefore for every bounded Borel function (/9 : C — > C, ^{a)y = 
yip{b). If A G crp{a), then the spectral projection X{A}(^) is 0. If a is diagonal, then y = ly = 
Y.xeap{a) X{x}{a)y = y EAeap(a) X{x}{b) = 0. So o can not be diago nal, t herefore we can write 
a = d©c, where d is diagonal and c has no eigenvalues. From Lemma [3.131 there is a self-adjoint 
element cq with the uniform distribution such that W*{c) = W*{cq), thus there is some Borel 
function ^p such that cq = tp{c) and tp{d) = —1, < Tp{b) < 1. Since Tp{a)y = (— l©co)?/ = ytp{b), 
we can replace — l©co with o, ip{b) with b. Hence we can assume b is selfadjoint and a = — l©co 
with r(a") = (-1)"(1 - a) + a £ f^dt, where a = 1 - r(l © 0). 

For each n G N, define the diagonal matrix An with eigenvalues 

1 2 \na] 

, 1, 1, . . . , 1, 



[na] ' [na] ' ' [na] 

where [na] denotes the greatest integer function of na. It is not hard to show that r„(A^) = 
._^.mn^ M f 1 v[""V^)-y When n ^ 00, ^ is a Riemann sum 

^ ' n m \ [na\ /—js=V \ [na] ' J ' [na] /_^s=i \ [na\ ' 

converging to t^dt. Hence t„(/(^„)) T{f{a)) as n —* 00. Choose matrix Bn G 7V(„(C) 
such that < < 1 and Bn converges in distribution to 6 as n ^ 00. 

Let xi, . . . , Xn be elements in J\f. Then there exist yi, . . . ,yp in M such that 

^2{xi, . . . ,Xn ■■ yi, ■ ■ ■ ,yp) = 0. 
For any 0<u;<l, 0<r<l, i2>l, mGN, e>0 and A; G N, there exists a set 

^)}xeAk of ^-orbit-balls in Mk{C)''^'^ that cover Tii{xi, ... ,Xn,a,b : yi,... ,yp; m, k, e) with 
the cardinality of satisfying |Afcl = i'{Tji{xi, . . . ,Xn,a,b : yi, . . . ,yp;m,k,e),'^). When m 
is sufficiently large and e is sufficiently small, we can assume that A"^ to be Aj^ and i?^ to be 
[U'^Y BiJJ'^ for some unitary matrix U . 

For m is sufficiently large and e (< ^) is sufficiently small, when (Ti, . . . ,Tn, A, B,C) G 
Tr{xi, . . . ,Xn, 

a,b,y : yi, . . . ,yp;m,k,e), it follows from Lemma 4 in [Ij that we can assume that ||C|| < 1. 
In addition, it is clear that ||ylC — Ci?||2 < s and {Ti, . . . ,Tn, A, B) G Tr{xi, . . . ,Xn,a,b : 
yi, . . . ,yp;m, k, e). So there exist some A G and V €Uk such that 



Hence 



IKTi, . . . , Tn,A, B) - {VT^V*, VT^V*,VAkV*, V{U^yBkU^V*) h < —. 

d4 



\AkV*CV - V*CVU*BkU\\2 = \\VAkV*C - CV{U^YBkU^V*\\2 < —. 
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Then, by Lemma [3.141 there exists a set {Ball^Ca] ^)}a&Sk of ^-balls that cover {W G A4k ■ 
\\W\\ < 1, \\WAk - {U^)*BkU^W\\2 < ^} with < )32rfc2^ g^ig^g gQ^g ^^^Yi 

that 

||F*C7y - C<,||2 = \\C - VCaV*\\2 < ^. 

Thus 

\\{Ti,...,Tn,C)-{VTlV*,...,VT^V\VC^V*)\\2 < |. 

Therefore 

iy{rR{xi,.. .,Xn,y: a,b,yi, . . .,yp);uj) < |Afc| • 

Hence, we get 

< ^{xi,...,Xn,y ■.a,b,yi,...,yp;uj,R) 

log(|Afc||Sfc|) 

< mi iim sup -r- 

meN,e>0 fe^oo — K^logW 

.ry i^ log(IAfcl) , 32rfc2(log24-loga;^ 

< mi hmsup — h 



meN,e>0 fc-+oo \—k^logUJ —k'^logUJ 

. log(IAfcl) , _ log 24 -logo; 
mi hmsup — -5- h o2r 

meN,e>0 fc^oo — K logo; — logCiJ 

log 24 — log u} 



32r- 



logu; 



Since r is an arbitrarily small positive number, we have R{xi, . . . , x„, y : a,b,yi, . . . ,yp;uj, R) = 0, 
whence, ^2{xi, . . . , Xn,y ■ a,b,yi, . . . , yp) = 0. Therefore, by theorem 13. 1^ ^^{M.) =0. □ 

Corollary 3.16 Let M be a, von Neuuiann algebra, with a faithful trace t . Suppose o, xi, • • • , Xn 

are elements in M such that a is a normal element without eigenvalues, and for all 

1 < i < n. Then 

J^3(xi, . . . : n) = 

Using the similar idea in the proof of Theorem 13.151 we can prove the following theorem. 

Theorem 3.17 Suppose A4 is a von Neumann algebra with a faithful trace r and A4 = {TV, u}" , 
where M is a von Neumann subalgebra of A4, u is a unitary element of A4. Let {vi,V2, ■ ■ ■} be 
a family of Haar unitary elements and {wi,W2, ■ ■ ■} be a family of unitary elements in M such 
that \\vnU — uwn\\2 — > 0. Then ^^{Ad) < ^^{Af). 

In particular, if v and w are Haar unitary elements in M such that vu = uw, then ^■^{M.) < 



4 Applications 

Suppose A is an infinite set. An ultrafilter a on A is a collection of subsets of N such that the 
empty set a, a is closed under finite intersections, and, for each subset A of A, either A ^ a 
or N \ j4 G a. One example of an ultrafilter is obtained by choosing an t in A and letting a be 
the collection of all subsets of A that contain i. Such an ultrafilter is called principal; ultrafilters 
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not of this form are called free. We will call an ultrafilter a nontrivial if it is free and there 
exists a decreasing sequence in a whose intersection is empty. Free ultrafilters on an countable 
set are always nontrivial. 

Suppose X is another set, / : A — > X is a mapping and E <^ X. we say that /(i) is eventually 
in E along a if f~^{E) = {/, G A : /(z.) G E} G a. If X is a topological space, we say that 
f{i) converges to x (in X) along a, denoted by lim^^Q /('-) = x, if f{i) is eventually in each 
neighborhood of x. It is well known that if X is a compact Hausdorff space, the \\m^^af{i) 
always exists in X for every / : A ^ X and every ultrafilter a on A. 

Let a be a nontrivial ultrafilter on A. Suppose Alt is a finite von Neumann algebra with a 
faithful trace t^. Let nt-^t /°°-product of the Alt's, J = {{x^} : limt^^Q Tt(x*Xt) = 0}. 

Then define the ultraproduct Alt of Alt to be Higi ■^i/J^- 

When Alt = Al for all l, then YV is called the ultrapower of Al, denoted by Al". 

Let Al be a IIi factor with the faithful trace r. For every e > 0, and any elements 
xi,X2, . . . , Xn in M., if there exists a unitary u & M. with t{u) = such that \\uxi — Xiu\\2 < s 
for every z, then we say that Al has property T. 

It is well-known that if A4 is a IIi factor with property F, then there exists a central sequence 
{vn} of Haar unitary elements in Al, II2 — > for every x G Al. 

If a von Neumann algebra acts on a very large Hilbert space, it may not contain any nontrivial 
central sequences, but it may contain a central net., i.e., a net {xx\ in Al such that axA||2 — ^ 

for every a G Al. Equivalently, A4 has a central net if and only if, for every e > and for 
every finite subset i*" ^ Al, there is a Haar unitary u such that ||na — aM||2 < £ for every a (z F. 

Theorem 4.1 Suppose {A1a}agA is a family of von Neumann algebras such that each A4\ has 
a central net of Haar untiaries. Let a be a nontrivial ultrafilter on A. Then 

a 

Proof. Suppose xi, . . . ,Xn are any elements in AIaj and Xi = {x\}a- Since a is nontrivial, 
there exists a decreasing sequence in a whose intersection is empty, and Ai = A. If 

A G Ak/Ak-i, since AIa has a central net of Haar unitaries, then there exists a Haar unitary 
ux G AIa such that Hx^^^^a — 'UxxW\2 < for 1 < z < n. Then u = {ux}a defines a Haar 
unitary that commutes with xi, . . . ,Xn- By Corollarv 13.161 .^2(2^1, ■ ■ ■ , Xn ■ u) = 0. Therefore, 
by Theorem EH .^3 (n" Mx) = 0. □ 

Remark 4.2 Suppose Ai is a diffuse finite von Neumann algebra with a faithful trace r. We 
can define a numerical invariant 7 (Al) by 

7(A1)= sup inf max ||aii — tia||. 

F(Zball{M) u is a ""^^ 
F finite Haar unitary 

It is clear that 7(A1) = if and only if M. has a central net of Haar unitaries and that 7(A4) < 2. 
F. Murray and J. von Neumann found a lower bound for 7 (jCf„) for n > 2. (Of course, they 
did not use our terminology.) It is not difficult to modify the proof of Theorem \4-i\ to prove that 
ifj{Mx) along the ultrafilter a, then i^3(n"-^A) = 0. 
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Lemma 4.3 Suppose Ai is diffuse, countably generated and has a central sequence of Haar 
unitaries. Then there is a central sequence {un} of mutually commuting Haar unitaries in A4. 

Theorem 4.4 If ^A is a von Neumann algebra with a central net of Haar unitaries, then 
MM) = 0. 

Proof. Suppose xi, . . . ,Xn € M. Then there is a sequence {un} of Haar unitaries so that if 
a € {xi, . . . , Xn, ui,U2, ■ ■ .}, then 

\\aun - Una\\2 0, 

i.e., inductively choose u„ so that ||au„— u„a||2 < 1/n for a G {xi, . . . , rE„, ui, U2, . . . Hence 
{un} is a central sequence in the von Neumann algebra N generated by {xi, . . . ,Xn, ui,U2-, ■ ■ ■}■ 
It follows from Lemma 14.31 that there is a central sequence {vn} of commuting Haar unitaries 
in TV. Then we get .^3 ({^1,^2, • • •}") = 0. We can choose unitaries {wi, . . . , Wm} that generate 
W* (xi, . . . , Xn) , and, using Theorem 13. 17^ we inductively get .^3 ({wi, . . . ,Wj,vi,V2, ■ ■ ■}") = 
for 1 < j < m. Hence, there exist yi, ■ ■ ■ ,yp £ M such that 

^2 {xi, . . . ,Xn : 2/1, . . . ,yp) = 0. 

Therefore iis{M) = 0. □ 

Theorem 4.5 Suppose ¥ is a free group with the standard generating set G satisfying |G| > 2 
and let Cy be the group von Neumann algebra generated by ¥. Then ^.^{Cy) = 00. 

Proof. For any g € F, we can view g as a unitary in Cy- Note that G generates C^- Let 
gi, - ■ ■ ,gn & G {n> 2), and 2/1,2/2, ■■■,yN We will prove that n < 5 (51, . . . , 5™ : yi, 2/2, • • • ,2/Af)- 
Since 

S{gi,---,gn ■■ 2/1,2/2, ••• ,2/Af) < 1 + i^2 (51, • • • ,9n : 2/1 , 2/2 , • • • , 2/Ar ) , 

we will conclude that n — 1 < .^2 (51, • • • , 27™ ^ 2/1, 2/2, ■ • • , Un) ■ From this it follows that .^3 {C^) = 
^3 (G) = 00. 

It follows from Theorem 13 in [Ij that when we compute 6 we can replace the P^-sets with 
the set of unitary elements in the Pij-sets. Let 

^m,k,e = l^k"^^ n Pi?(5fl, . . . , 5n, 2/1, 2/2, • • • , VN] m, /c, e), 

^m,k,e =Z^fc nPi?(5i,...,5rn : yi, y2, ■ ■ ■ ^Vn] rn, k, e). 

U{Ui,...,Un,Wi,..., Wn) e nm,k,e, then {Ui,...,Un) £ Ara,k,e- So 

^m,k,£ ^ ^m,k,£ X ^k^ ■ 

Let denote Haar measure on Uk, /^^ denote the corresponding product measure on UJ!. Then 

/^r^ {nn.,k,e) < l^mm,k,e) ' l^k i^^k) < l^li^mXe) < 1- 

We know from Theorem 3.9 in jLl4j that fJ-^'^^ i^m,k,e) 1 and thus fi'^{Am,k,£) ^ 1 as /c — > oo. 
It follows that 

fll{Am,k,e) < U2{Am,k,e,^)l4{^all{l,Uj)) < V2{Am,k,e^0j){uj)'^^\ 
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By Lemma 1 in [1], 

•^2(51, ■■■,9n-yi,---,yN)> S{gi,. . . ,5n : Vi, • • • ,yAf) - 1- 

Note that 

d[gi,...,gn-yi,---,yN) = -1 + limsupmf hmsup '■ 

^^0+ ""'^ fc^oo -fe^logw 

^ 1 , ,. . ri- log (/x^(A^,fc,£)) - n/c^ logo; 
> — 1 + limsupmi limsup —r- . 

^^0+ fc^oo -fc^logW 

Since /U^(Am ^^g) ^ 1, we have 

•^2(51, • . . ,5n : yi, • • • ,yAf) > ?^ - 1- 
Thus ^3{Cg) = 00. □ 

Theorem 4.6 Suppose Ad is a von Neumann algebra with a faithful trace t, A/i and M2 are 
mutually commuting diffuse subalgebras of M.. Then ^3{W*{Mi yj N2)) = 0. 

Proof. Since TVi and J\f2 are diffuse, we can assume that Mi = {ux : A € A}" and J\f2 = {v^ ■ 
a € S}" where u\, are all Haar unitaries. For any finite subset of A and finite subset F of 
S, let Me,f = {ux,Va : XeE,a e F}". Then {Me,f) = by Theorem EUl Let 

5 = 1^ {M E,F '■ E is a finite subset of A, F is a finite subset of S} . 

It is clear that 5 generates W*{J\fiUM2). By Corollary [331 ^siS) = 0. Thus ^3{W*{J\fiUM2)) = 
by Corollary EH □ 

Corollary 4.7 If J\fi and M2 are diffuse von Neumann algebras, then ^^{Mi N2) = 0. 

The following corollary was proved by S. Popa [llj and L. Ge [5]. 

Corollary 4.8 If M is a IIi factor and ^■^{Ad) = 00, then M. is prime. In particular, is 
prime for every free group F with the standard generating set G satisfying \G\ > 2.. 

Let be a von Neumann algebra with a faithful trace, U{A4) be the set of all unitary 
elements in A4. For any subset S Q A4, define 

Af{S) = {ue U{M) : uSu* c S}", 

and 

I{S) = W*{{y G A1 : 3 two normal elements a, b 

without common eigenvalues such that ay = yb ^ 0}) 
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Suppose ^ is a diffuse von Neumann subalgebra of A4, and a is an ordinal. Then define 

' A a = 

MaiA) = { [Ui3<aM'i3{A)j a IS a limit ordinal 



t M{Mf,{A)) 



if a = /3 + 1, 



and 



' A a = 

Ia{A) = < ^lJ^^^Xg(^)^ a is a limit ordinal 
^liMA)) ifa = /3 + l. 

The following theorem is a easy consequence of Theorem 13. 17^ Theorem 13.151 and Corollary 



Theorem 4.9 Let M be a von Neumann algebra with faithful trace r and A be a diffuse sub- 
algebra of Ad with ^3(^) = 0. Then for any ordinal a, 



^3(A/;M)) =^3(^aM)) =0. 



5 Applications to group theory 

Suppose is a von Neumann algebra with a faithful trace r and u is a Haar unitary in M. 
Define 

Nu = {^{N ■.M^M,ue M,MM) = 0})" 

to be the von Neumann subalgebra generated by the union of those subalgebras M containing 
u such that RsiM) = 0. It follows from Theorem [3T2] that j^s (Mu) = 0. Therefore Mu is the 
unique largest subalgebra containing u with ^3(A/'u) = 0. 

Suppose ;S is a diffuse von Neumann subalgebra of M. with M.s{B) = 0. Since B is diffuse, 
there exists a Haar unitary u & B. It is clear that Mu is the largest subalgebra of M. that 
contains B whose ^3 is 0. 

If u, V are two Haar unitaries in M. such that Mu n My is diffuse, then, by Theorem 13.121 
•^3 {{Mu^Mv) ) = 0. Therefore Mu = Mu by the maximality of Mu and Mu- Therefore, if 
Mu ^ Mu, then Mu n My is not diffuse. 

By Theorem 14.91 it is clear that, for any Haar unitary u G A4, the normalizer Mu is Mu- 

The above ideas have an interesting interpretation in discrete groups. Let G be a group 
and Cg be the corresponding group von Neumann algebra. For any g £ G, we can view g as a 
unitary in Cq- If g is an element in G with infinite order, then g is a Haar unitary in Cq. If H 
is a subgroup of G C Cq, then H" = Ch- 

Suppose G is a discrete torsion- free group (i.e., the only element of finite order is identity) 
and Cq can be embedded into an ultrapower of the hyperfinite Hi factor. F. Radulescu (see 
Proposition 2.5 in [13|) proved that this is equivalent to G being algebraically embeddable in 
the unitary group of such an ultrapower. For any € G \ {e}, let Hg be the subgroup generated 
by the set {H < G : g £ H, RsiCn) = 0}. 

By Theorem 13.121 and Theorem 13.171 we get the following theorem. 
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Theorem 5.1 Let G be a torsion-free group with the unit e. The following statements hold: 

(1) {Hg \ {e} : g & G \ {e}} is a partition of G\ {e}, 

(2) for any g £ G \ {e}, if hHgh^^ C Hg, then h G Hg, 

(3) for any g e G \ {e}, ifh£G\ Hg, then HHg D Hgh = {h}. 

We call {Hg : g € G/{e}} the R^- decomposition of the torsion-free group G. Determining the 
^3-decomposition of a particular group involves both algebra and the theory of von Neumann 
algebras. In [3], there are many examples of groups G whose ^3-decomposition is {G}. We now 
provide a particular example. 

Proposition 5.2 If G is a free group, then, for any g £ G \ {e}, Hg is a maximal cyclic 
subgroup of G containing g. In particular, if g is one of the free generators, then Hg is the 
subgroup generated by g. 

Proof. Since every subgroup of free group is free, Hg is free. By definition of Hg we see 
that ^^{CHg) = 0. Therefore, by Corollary 14.81 Hg cannot have more than one generator. That 
implies Hg is cyclic. By Theorem 13.171 Hg must be a maximal abelian subgroup in G. □ 

Let F2 be a free group generated by two standard generators u,v. We know that, in F2, H^ 
is the subgroup generated by u. This naturally raises the question. 

Question 1. In C^^, is Mu = W*{u)l In other words, is W*{u) a maximal subalgebra of C^^ 
whose .^3 is 0? 

S. Popa [12] proved that W*{u) is maximal injective. An affirmative answer to the question 
above would imply Popa's result, since ^■^{M) = whenever Ai is injective. This means that 
answering the question above is likely to be difficult. However, there are natural subquestions 
based on Theorem 13.121 and Theorem 13.151 respectively. 

Question la If is a subalgebra of C^^ with ^^{M) = 0, and M fl W*{u) is diffuse, then 
must we have M. C W*{u)l 

Question lb If y G £-^2^ ™d a,b (z W*{u) without common eigenvalues, such that, ya = hy ^ 0, 
then must y be in W*{u)l 

We can give a partial solution to Question lb by showing that if tt; is a unitary in C^^ that 
conjugates a Haar unitary in W*{u) into W*{u), then w G W*{u). 

Suppose that M and A/" are von Neumann algebras and TV C M. By a conditional expectation 
from M onto TV, we mean a positive linear mapping E : Ad ^ M such that 

(1) E{I) = /, 

(2) E{xiyx2) = xiE{y)x2, for any xi,X2 G TV and y G M.. 
Define A^B to be r(a6) = T{a)T{b) for any a £ A and b £ B. 

Theorem 5.3 Let u,v be standard generators of C^^- If B is a diffuse von Neumann subalgebra 
ofW*{u), then 

{w : w is a unitary in C^^,w*Bw C W*{u)} C W*{u). 
Proof. Suppose ;S is a diffuse von Neumann subalgebra of W*{u). Define 
M = {w : w is a unitary in C^^^'^*^'^ ^ W*{u)}. 
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It is sufficient to prove W*{u)-^ C A/""*". The proof is a modification of Lemma 2.5 in 
Let g be en element in W*{u)-^. It follows that gW*{u)g*±W*{u). 

Since B has no atoms, then, for any given e > 0, there exists an orthogonal family of 
projections ei, . . . ,6^ in B such that r(ei) < e for 1 < i < n. Let As be the von Neumann 
subalgebra generated by ei, . . . , e„, r be the unique trace on C^^, and E^^/^f^c^^ be the unique 
r-preserving conditional expectation from C^^ onto A'^ fl t o E'^^n^pj ~ ''")• 

For any w eM, gAeg* -LwAeW* since gA£g*l.W*{u) and wAgW* C wBw* C l^*(n). There- 
fore, for 1 < i < n, 

T{w*geig*wei) = T{geig*weiW*) = T{geig*)T{weiW*) = T{eif . 

Summing up over i, we get 

\r{wg)\^ < \\EA'^nc,,iwg)\\l 

= \\'^eiwgei\\l = '^\\eiwgei\\l 

i i 

= ^ T{wgeig*w*ei) = ^ T{ei f 

i i 

< (max T(ej )) r(ei) < e. 

i 

Since e > is arbitrarily small, T{wg) = 0. Therefore for any x E Af" , t(x) = 0. Thus g-LJ\f" . 
□ 
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